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Abstract

Real-time, accurate predictions of recurrent and non-recurrent traffic congestion is essential for optimizing transportation
systems and ensuring a smooth user experience. Traditional models often focus on long-term point estimates, limiting their
use in scenarios requiring short-term predictions or probabilistic assessments (e.g., traffic signal optimization, dynamic
tolling, emergency response). This study explores probabilistic deep learning for real-time traffic density distribution
prediction. We demonstrate that an adapted Multi-Quantile Recurrent Neural Network (MQRNN), which we term MQRNN-
monotonic, outperforms traditional time-series methods, particularly when handling non-recurrent disruptions. A novel
loss function is introduced to address quantile crossing issues, ensuring valid distributional predictions. Experiments
on two highway data sets show that probabilistic deep learning for traffic density prediction yields well-calibrated and
sharp dynamic traffic congestion distributions. This research offers a promising new approach to real-time traffic density
forecasting, paving the way for transportation systems that respond faster and smarter to changing road conditions,

making traffic smoother, more sustainable, and more predictable for everyone.

1 Introduction

In 2017, traffic congestion caused annual delays and finan-
cial losses estimated at €130B (approximately $145B) in
Europe [1]. Congestion not only impacts economic pro-
ductivity but also contributes significantly to environmental
damage through increased emissions and fuel consumption.
Addressing this challenge is crucial for achieving sustain-
able transportation systems that are efficient, resilient, and
environmentally friendly. Intelligent transportation systems
have traditionally relied on real-time or short-term predic-
tions of traffic flow and travel times. This study diverges
from traditional methods by directly targeting traffic density
forecasting. Because of the direct relationship between traffic
density and traffic congestion, we cater to situations in which
congestion forecasts are vital, such as optimizing traffic
signal timings in smart cities, dynamic toll pricing, toll-booth
readiness, dynamic estimation of probability of traffic break-
down [2], evacuation planning [3], and emergency response
coordination.

While traffic density is related to traffic flow and speed
through the fundamental diagram of traffic flow, its statistical
properties are distinct. Research has shown that estimating
the density from flow and speed measurements can be highly
unreliable, particularly under congested conditions where the
fundamental relationship breaks down [4]. Traffic density, as
a direct measure of road crowdedness, often exhibits more
abrupt changes and higher volatility, especially in response
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to non-recurrent events like accidents or large gatherings. In
contrast, traffic flow can be smoother and may even decrease
as density reaches critical levels (i.e., in a traffic jam).

Historically, research on traffic density prediction has
addressed long-term planning and recurrent congestion,
utilizing adaptations of established models such as the Cell
Transmission Model (CTM) [5] and the Cellular Automata
Model [6]. Despite efforts to gauge the probability of traffic
breakdowns [7] and recent strides in incorporating non-
recurrent incidents through queuing theory principles [8,
9], a gap remains in real-time applicability where constant
traffic changes and continuous data inflow are present. These
applications demand up-to-date short-term traffic forecasts
[10].

Moreover, efforts focused on addressing recurrent con-
gestion have mostly neglected unforeseen events, such as
extreme weather conditions or large gatherings, which can
abruptly alter traffic patterns. Figures la and 1b depict
instances in which unusual traffic congestion occurred due
to a football game and a snowstorm. These situations high-
light the need for adaptable and robust forecasting methods
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that can inform traffic management strategies and promote
sustainable transportation choices even under unpredictable
conditions. On October 10, 2013, a football game in Chicago
led to a surge in traffic beginning at around 4 pm, peaking
at approximately three times the median congestion of other
days at 5:30 pm. In constrast, a large snowstorm in Mil-
waukee on February 5, 2008, disrupted the regular flow of
traffic, suggesting that a considerable number of people chose
to work from home, which significantly altered the typical
rush hour patterns. These real-world scenarios underline the
urgency for real-time, adaptable solutions that can respond
to dynamic traffic conditions. However, the customary long-
term prediction models often overlook these cases because
their effects are diluted over the long planning horizon. The
models in the literature that consider them are limited to
classifying traffic behavior as belonging to an accident or
not, instead of capturing the true impact of the accident in
congestion [11].
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Figure 1. Traffic occupancy during out-of-the-ordinary events in
Chicago and Milwaukee

A third significant limitation of current methodologies is
their provision of point estimates rather than distributions
[12]. Point estimates lack the depth of probabilistic
predictions, which afford a full spectrum of traffic density
distributions, thus equipping practitioners with a robust tool
for understanding associated risks [13].

This research intends to bridge these gaps by investigating
the performance of a probabilistic deep learning framework
for traffic density forecasting. We choose the Multi-Quantile
Recurrent Neural Network (MQRNN) architecture [14]
for traffic density forecasting because it has been tested
and validated in several other applications. Central to this
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architecture is its ability to provide multi-horizon, multi-
quantile estimates, which offer a comprehensive view of
potential outcomes and associated risks. However, quantile-
based probabilistic deep learning frameworks, such as
MQRNN, still possess an inherent issue of quantile crossings,
a phenomenon where the generated quantile estimates are not
monotonically increasing. As a result, the model occasionally
yields invalid probabilistic forecasts. To address this problem,
we propose a straightforward yet innovative adaptation that
removes quantile crossings, thus enhancing the reliability of
the predictions and ensuring their validity. This adaptation
maintains the performance of the MQRNN while offering a
solution that is adaptable to other architectures with minimal
alterations.

In recent years, newer deep learning architectures for time-
series forecasting, such as N-HiTS [15] and Transformers
[16], have emerged, showcasing promising results in
capturing complex temporal dependencies and long-range
patterns. Notably, some of these newer architectures, like
N-HiTS, inherently address the issue of quantile crossings
through their specific design. Despite these advancements,
MOQRNN remains a strong contender for probabilistic
time series forecasting, particularly in applications where
interpretability and computational efficiency are crucial.
Moreover, at the time of this study, MQRNN had a more
established track record in probabilistic forecasting compared
to the newer models, which had limited empirical validation
and community adoption.

Figure 2 illustrates the advancements introduced in
this study compared to the short-term traffic forecasting
current literature. The figure also emphasizes some of the
applications whose decisions may be improved by this
research. In summary, we provide a discerning approach to
real-time traffic density prediction that not only addresses
existing gaps but also sets a precedent in employing MQRNN
for traffic density predictions, advancing promises for a
considerable leap toward fluid traffic dynamics and smarter
cities. As depicted in the yellow boxes in Figure 2, the main
contributions and innovations of this research are:

1. pioneering the use of probabilistic deep learning for
real-time traffic density predictions by implementing
the MQRNN model for traffic density prediction and
validating it with real data;

2. mitigating the issue of quantile crossings in MQRNN,
ensuring the validity of probabilistic forecasts;

3. verifying that deep learning methods can outperform
traditional methods when predicting non-recurrent
congestion.

Next, in Section 2, we discuss the current state-of-the-
art in short-term forecasting and deep learning for traffic
applications and their limitations. In Section 3, we introduce
the preliminary methodology of deep learning models for
dynamic traffic density forecasting. What follows in Section
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Figure 2. Flowchart of Traffic Forecasting Models and the Contributions of this Research (in yellow)

4 is our proposed adaptation to neural-network probabilistic
models to enforce monotonicity. Section 5 describes the
data used, and Section 6 discusses the validation of the
investigated models and other traditional benchmarks using
two data sets. Section 7 presents the performance of various
models and compares them when predicting non-recurrent
congestion. Then, we present a decision-making scenario in
Section 8 to validate how the probabilistic forecasts inform
a real-world cost-benefit analysis for traffic management.
Finally, Section 9 details our conclusions.

2 Literature Review

The literature on short-term traffic forecasting is extensive.
Vlahogianni, Karlaftis, and Golias [17] compiles several
representative papers that have proposed significant models.
The authors also outline some of the remaining challenges
that this research addresses, including accurately forecasting
unexpected events, providing measures of reliability for
forecasts such as distributions, and working with incomplete
or problematic data sets. We note that the literature has given
little attention to congestion prediction (i.e., traffic occupancy
and density), instead focusing on flow, speed, travel time
predictions, and binary classification of congestion, as
discussed next.

2.1 Traditional Traffic Congestion Forecasting
Approaches

Traditional CTM-based models can theoretically compute
transient congestion behaviors, but they require extensive

simulations. This barrier renders them cumbersome in
practice. Kurzhanskiy [18] presents a variation of the
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original CTM designed explicitly for transient traffic density
prediction. As a possible alternative for simulation-based
models, Chrobok et al. [19] describe two simple prediction
models for short-term forecasting using historical data. The
constant model forecasts the same value for all time horizons,
while the linear model fits a linear curve from the most
recent N measurements. Zhang, Yu, and Lei [20] predict
short-term congestion with a Genetic Hierarchical Fuzzy-
rules based model. In both papers, the parameters used
are deterministic. Conversely, Zhang et al. [21] include the
probabilistic nature of traffic in their genetic algorithm-based
approach for congestion prediction. The output, in this case,
is binary (congestion/no-congestion).

Due to the time dependency of real-time predictions,
time-series forecasting is a sensible approach for this
type of problem. However, traditional methods, such as
Auto-Regressive Integrated Moving Average (ARIMA)
[22], Smooth Transition Auto-Regressive (STAR) [23], and
Generalized Auto-Regressive Conditional Heteroskedasticity
(GARCH) [24], perform poorly on multi-step forecasting
problems and have not been designed for irregular traffic
with sudden instabilities unless they are used for anomaly
detection. They are also computationally expensive. To
improve traditional Seasonal ARIMA (SARIMA) models,
Ghosh, Basu, and O’Mahony [25] propose a Bayesian
approach to estimate the coefficients when predicting traffic
flow. As a result, they obtain the distribution for each linear
coefficient of the traditional SARIMA models. Petridis et al.
[26] introduce the Bayesian Combined Model for time-series
forecasting. The innovative idea is to use local predictors
from different models and combine them using posterior
probabilities that vote for the best prediction. Wang, Deng,
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and Guo [27] and Gu et al. [28] use this idea to combine
forecasts from ARIMA, Kalman Filters, and Deep Learning
Methods to forecast traffic flow.

2.1.1 Out-of-the-ordinary Events Several authors have
focused on the challenge of predicting unexpected events
when forecasting traffic conditions, as non-recurrent events
may have a high impact on traffic and cause significantly
elevated congestion levels. Many traffic forecasting models
include these unexpected events by making the models
multi-regime. Vlahogianni [29] and Kamarianakis, Gao, and
Prastacos [30] study traffic prediction models that function
separately for congested and non-congested situations.
Similarly, [31] decomposes traffic deterioration into six
sources. [32] focuses on travel time prediction during
incidents, and Fei, Lu, and Liu [33] and Min and Wynter
[34] include weather, incident data, and current or planned
roadwork as regimes. All these models assume that only a
discrete number of regimes may occur and that the state of the
system is known. They also do not predict traffic congestion
(density or occupancy), but traffic volume and speed. Gerum,
Benton, and Baykal-Giirsoy [35] and Gerum and Baykal-
Giirsoy [36] extend the queuing theoretic model of Baykal-
Giirsoy and Xiao [37] and Baykal-Giirsoy, Xiao, and Ozbay
[38] to predict the long-term distribution of traffic density
in corridors that may experience unexpected events. Baykal-
Giirsoy et al. [39] shows that queueing theory could also
be used to derive a closed-form solution for the stationary
travel time distribution in such corridors. Finally, Gao et
al. [40] studied travel time prediction subject to illegally
parked vehicles using a similar queuing framework. While
these models address the randomness aspect of the different
regimes’ occurrence, they still assume a finite, known number
of regimes.

Except [35, 36, 37, 38, 39], the majority of these
models, however, produce only point-estimate predictions
and can be ineffective when making a significant number
of forecasts quickly. Many of them still rely on ARIMA
processes and thus face similar challenges. These models are
computationally expensive and heavily dependent on linear
relationships. Finally, none of the methods have been tested
for short-term traffic density or occupancy forecasts. These
limitations have led many researchers to seek alternative
methods, such as direct deep learning approaches for traffic
forecasting.

2.2 Deep Learning Methods for Traffic
Forecasting

The recent influx of data from new sources has been a boon
for contemporary research on traffic congestion in dynamic
systems, enabling machine learning approaches to advance.
Initially proposed by Dougherty, Kirby, and Boyle [41], these
seminal models divide roadways into segments observed at
discrete time units. Succeeding work by Dia [42] suggests
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that dynamic-architecture works, such as Recurrent Neural
Networks (RNNs), can outperform multi-layered perceptrons
(MLPs). He uses metrics of speed and flow as inputs in his
model and defines congestion as the combination of speed
and flow parameters. These early successes highlighted the
potential of deep learning, particularly when paired with
novel data sources. For instance, Zhu et al. [43] showed that
DL models were significantly more effective than traditional
computer vision for traffic video analysis, a success enabled
by their creation of a large, high-resolution dataset from
Unmanned Aerial Vehicles (UAVs).

Notably, Polson and Sokolov [44] describe how a deep
fully-connected neural network can predict changes in traffic
flow caused by external events such as sports games or
accidents. The authors conclude that recent information (i.e.,
within the last 40 min) provides stronger predictors than
older historical information. They predict the traffic flow 40
minutes in the future. Unfortunately, their approach requires
preprocessing the data using a median filter in order to
improve the forecasts because of the sparsity of the data.
Zhao et al. [45], and Zhong et al. [46] follow on the work
of Dia [42] and show that deep Long-Short Term Memory
networks (LSTMs) are well suited to account for the time-
dependence in traffic congestion. Chen, Yu, and Liu [47]
developed a convolutional neural network (CNN) based
approach to the same problem, yet their results are weaker
than those obtained with other proposed architectures. These
models also differ in the inputs used. Most use common
variations of traditional traffic metrics (flow and speed).
One particular example that predicts occupancy is described
in Aqib et al. [48]. Lastly, Yao, Zhang, and Zhang [49]
create a model that splits the data into several groups and
chooses between linear and non-linear methods for each
group, depending on the data volatility. The suitability of
these architectures is continually reaffirmed in the latest
research; for instance, Chinthakunta, Sunkavalli, and Koduru
[50] employ LSTMs and GRUs as part of a multi-faceted
system for predicting traffic flow patterns from drone data,
and Ismaeel et al. [51] uses RNNs to predict traffic patterns
in smart, sustainable cities. As the field has matured,
newer architectures like Transformers [52] and Graph Neural
Networks [53] have also been proposed for traffic prediction.

A more recent paradigm seeks to merge data-driven
methods with fundamental domain knowledge. Wilkman
et al. [54], for example, pioneer a framework using
Physics-Informed Neural Networks (PINNs) that embeds
a macroscopic traffic flow model directly into the neural
network’s loss function. This hybrid approach is designed
for online, real-time adaptation from sparse data, showing
a promising direction for creating more robust and
generalizable models.

A comprehensive list of studies can be found in the four
surveys that have compiled the most relevant methods [55,
56, 57, 58]. Overall, there appears to be a consensus in the
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literature on the promising results of using deep learning
methods for traffic forecasting [59]. However, there is still
no consensus regarding the most appropriate input for traffic
density deep-learning-based regressors.

2.2.1 Limitations The four surveys [55, 56, 57, 58] agree
that, despite the advancements in prediction accuracy, some
of the challenges discussed in Vlahogianni, Karlaftis, and
Golias [17] remain. Most current deep learning models
have unsatisfactory performance during out-of-the-ordinary
events. Like previous approaches, most deep learning models
do not directly focus on density or occupancy as measures
for congestion assessment. A notable exception is the
work of [48], which utilized a deep neural network for
occupancy prediction; however, their approach was confined
to deterministic point-estimates, providing no information
about predictive uncertainty.

Furthermore, typical solutions still only provide point
estimates, and their accuracy decreases as the forecast
horizon increases. Conversely, distributional predictions
give decision-makers a complete picture of the risks and
probabilities. Many reliability metrics (e.g., probability of
breakdown) are immediately obtained from the distribution
but not from the expectation. Traffic breakdown is triggered
when a substantial speed decrease from the free flow speed
occurs between two consecutive time intervals [60]. This
speed decrease causes a drastic increase in density and a
sudden plunge in capacity [61]. Complete or extreme traffic
breakdown occurs when capacity reaches zero.

2.3 Probabilistic Deep Learning

The literature discussing neural networks for probabilistic
forecasting is much more limited than that for point-estimate
forecasting. Within this domain, two primary paradigms
exist: parametric and non-parametric approaches. Parametric
models assume the data follows a specific probability
distribution (e.g., Gaussian or Gamma). The neural network
is then trained to predict the parameters of this chosen
distribution. While this can be highly efficient, it risks poor
performance if the true data distribution is complex or
misspecified. The DeepAR model of Salinas et al. [62], which
we use as a benchmark, exemplifies this parametric approach.

In contrast, the non-parametric approach of quantile
regression, which we adopt in this study, makes no prior
assumptions about the shape of the distribution. Common
deep-learning probabilistic models forecast single quantiles
for the forecasted distribution, instead of the traditional
expected value. By predicting multiple quantiles, one can
empirically map out the cumulative distribution function.
This provides greater flexibility to capture the arbitrary, often
skewed, distributions found in real-world traffic data. This
approach has been implemented using linear models [63],
random forests [64], gradient boosted trees [65], and recently,
deep learning [14, 66]. When developing quantile models,
two main challenges are selecting a sensible loss function and
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enforcing quantile monotonicity. We address these questions
in Section 3.3.

Meinshausen and Ridgeway [64] apply probabilistic
deep learning models to several applications, including
the prediction of fuel utilization, labor worth, and house
pricing. None of the three applications includes time series
as inputs, and the number of training samples is small
for all implementations. For example, Landry et al. [65]
focus on the prediction of wind power. To the best of
our knowledge, no probabilistic deep learning models have
focused on traffic density. In fact, only a few research works
directly discuss traffic forecasting. Looking at the two closest
studies, Rodrigues and Pereira [66] forecast taxi demand
and traffic speed, and Salinas et al. [62] include occupancy
as one of many benchmark data sets. The data contains
hourly occupancy rates for 963 lanes, and the authors only
report the point forecast accuracy of their algorithm in
[62]. While these works show the effectiveness of deep
learning for distributional predictions, they have left room for
considerable model specialization.

More recently, with the boon of generative methods, Tang
and Matteson [67] propose a new method where the deep
learning model generates a synthetic sample from which
empirical distributions can be derived. This method, although
innovative, is computationally intensive and requires more
data for training than other methods. Furthermore, many
new solutions still rely on heavy data preprocessing [44, 45,
47, 49, 68, 69] that may vary across data sets. Due to the
subjectivity of the chosen preprocessing steps, practitioners
may also benefit from a robust and consistent solution across
datasets. Finally, Yoon et al. [70] show that probabilistic
deep learning models can be sensitive to input perturbations.
In these cases, a slight change in the input can result in
significant variations in the output distribution.

In summary, to the best of our knowledge, no study has
implemented machine-learning-based probabilistic forecast-
ing models that directly use density or occupancy as the
response variable. The existing probabilistic forecasting liter-
ature gives little attention to traffic distributional forecasting.
So we set out to consider this task.

3 Preliminary Methodology

Traffic density can be affected by many factors. Some are
predictable and, therefore, easier to implement into the
models (e.g., as seasonality factors). Others may not be.
For example, certain events such as sporting matches and
festivals, and weather events such as snowstorms and floods
may significantly impact traffic congestion. The influence of
these factors is typically present in data, but it is often hard
to extract such high-level features directly. The main idea of
deep learning is to break down such complex abstract factors
into simpler representations [71].
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3.1 Deep Learning

Deep learning models approximate high-dimensional func-
tions with a sequence of nested linear transformations,
each followed by an element-wise non-linear transformation
(called an activation function). Many popular models can be
represented as an acyclic graph. In these graphs, nodes are
organized in layers f%’s, which represent the intermediate
transformations, and the edges connecting the layers rep-
resent the parameters 6 for the linear transformations (also
known as weights and biases). The value for each subsequent
node is computed using the linear transformations and the
activation function.

Mathematically, an artificial neural network is defined to
be the composition of parameterized linear and non-linear
mappings

fox) = (fFoff oo fl)(x),

with x as a high dimensional vector containing the input
information and L € N as the number of mappings or
“layers” used. The universal approximation theorem [72, 73]
states that feedforward networks with a linear output layer
and at least one “squashing” non-linear activation function
can approximate any continuous function on a closed and
bounded subset of R™. This theorem guarantees that there
exists a deep learning framework that can approximately
represent any non-linear function fp(x), but does not
determine how large a network is necessary to obtain
the correct representation [71]. Fortunately, tight bounds
have been identified for the complexity required to achieve
arbitrary accuracy [74].

In practice the function f* : R™-1 — R™ is usually of the
form

fi(x) = d(Wi(0)x + by (6)),

with matrices W; € R™*"i-1_ and vectors b; € R™ in
0, and ¢ as a nonlinear function. Traditionally, ¢ is
the sigmoid function ¢(z) = m, although modern
implementations often prefer simpler and more numerically
stable functions, such as ¢(x) = max(z,0). Many other
options are possible and reasonable, particularly on the output
layer of f¥, where special forms of ¢ are often required to
ensure the correct range for fy.

We say that we train a neural network when we select
optimal parameters * to minimize a particular loss function
¢:R xR —RT. In a sense, the loss function measures
the prediction error between fy(x) and some observed v,
evaluated as £(fp(x),y). The output of the neural network,
for(x), depends on the chosen loss function and is typically
a point estimate prediction (the median and mean in the case
of mean absolute error, or /1, and mean squared error, or
{5 losses, respectively) of the underlying distribution of the
observed y. For some applications, point estimate predictions
provide a limited picture of the system. Ideally, models
should obtain the complete distribution of traffic density.
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Probability distributions provide information on risks and
likelihoods of extreme events, leading to better incident and
congestion management practices [35, 36].

Linear mappings are usually easy to train because of the
convexity properties of the most common loss functions.
On the other hand, optimizing non-linear mappings exactly
is generally nonviable. Instead, we approximate 6* with
sub-optimal parameters obtained using first-order methods
such as stochastic gradient descent [75, 76]. For a data
set {(X1,v1),-..,(Xk,yx)}, the classical gradient descent
method iterates over the data set

k
Oni1 =00 =1 > V(fo,(Xi), ),
=1

with n > 0 as a step-size constant. The gradient descent
method is a dominant approach because the gradients are
easily computed for broad forms of fy, by a software
application of the chain rule (called auto-differentiation).
Furthermore, it is possible to compute gradient observations
only over subsets of the data set (mini-batches). Hence,
the entire dataset does not need to be loaded into
memory simultaneously, and the gradient computation can be
parallelized across the mini-batch at each iteration. Modern
implementations add many refinements to this approach, for
example, by allowing the step size n to vary over time
and adapt with the history of the process or incorporating
“momentum” terms that average over previous gradients. See
Ruder [76] for an overview of popular methods.

The exact architecture of a network varies significantly
depending on the task. For standard tabular data sets, in
which each observation is described by a vector, the structure
we have described, called a multi-layered perceptron,
is sufficient. For sequential data, Rumelhart, Hinton,
and Williams [77] developed Recurrent Neural Networks
(RNNs), which have become the standard in the literature.
The clever idea behind RNNS is to keep the architecture as
an acyclic graph by unrolling (or unfolding) the recurrent
computations into a graph with a repetitive structure. Hence,
each hidden layer f(it) is no longer a function of x;), but of all

the previous history (X(t—1)7 . ,x(l)). This family of neural
networks is instrumental in traffic forecasting because they
allow models to incorporate time-related correlation patterns
in their predictions.

3.2 Short-term Probabilistic Traffic Density
Forecasting

The most successful probabilistic deep learning models are
either well-established simple multi-output RNNs [78, 79]
or variants of the sequence-to-sequence model of Sutskever,
Vinyals, and Le [80]. Such models have achieved success in
many fields [81, 82, 83].

These models are divided into an encoder and a decoder.
Given a time series zq.; (in this case, the most recent
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contiguous history of traffic density up to time ¢), the encoder
reduces the time series to a hidden state of fixed length:

uy = h(z1:4).

The encoder is typically an RNN, such as the LSTM
architecture [78], or some other variant [84]. RNNs are deep
learning architectures representing the observations up-to-the
current time ¢ as a hidden internal state uy, so this usage is
natural. One apparent limitation of the encoder is that the
output u; may not capture all the information contained in
the sequence z7.¢.

The decoder is then conditioned on this hidden state and
other possible exogenous variables to predict, for example,
the median of the next time step:

(jt+1,0.5 = Q(Um eXt)~

The decoder is typically a multilayer perceptron, although
an RNN [85] or a Convolutional Neural Network (CNN) [86]
may also be used. Both the MQRNN architecture of Wen
et al. [14] and the DeepAR architecture of Salinas et al.
[62] follow this procedure, although in Salinas et al. [62]
the decoder only serves to project u; into the space of valid
parameters. This architecture has the advantage of training
on each observation without the computational overhead of a
more naive implementation. Figure 3 illustrates the encoder-
decoder sequence-to-sequence architecture we implement in
this paper. In the figure, the history of the time series, starting
from the beginning to the current moment ¢, is encoded
in the vector u;. This vector is obtained by updating the
encoded u;_; with the current data point in the time series,
z¢. Then, uy, along with exogenous factors represented in the
vector ex;, serve as inputs for the decoder to predict a set of
quantiles that approximate the distribution of traffic density
at time point ¢ 4+ n. In this case, n represents the lag for the
prediction.

In addition to demonstrating that the baseline MQRNN is
effective for traffic density forecasting, we extend the model
to create the MQRNN-monotonic. The main innovation
proposed is a modification to the MQRNN framework that
prevents quantile crossings by enforcing monotonicity of
the cumulative distribution function (CDF). This change is
described in detail in Section 4.

This type of encoder-decoder sequence-to-sequence
architecture allows for time-series inputs of various sizes,
as the encoder maps the time series to a fixed-size hidden
state [71]. As more information becomes available, the
model can lengthen the time series used for prediction.
This type of architecture also accepts vector outputs,
allowing the prediction of multiple quantiles or parameters
simultaneously. Finally, the decoder admits additional
exogenous features. The implementation discussed in this
paper incorporates exogenous, time-related variables that
enable the model to understand seasonality factors.
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Figure 3. Representation of the probabilistic deep learning
model used for traffic density forecasting. The history of traffic
density z1.; is encoded to a u; of fixed length via the function h.
The decoder function g uses this u;, along with exogenous
information ex., to predict the distribution of traffic density for
time t + n, Ft+n-

The primary disadvantage of this architecture is that it
assumes each time series is one contiguous series. However,
traffic sensors frequently malfunction for days or months,
resulting in long segments of missing data — we see this
behavior in the two data sets we study. While sequence-to-
sequence model implementations can handle short missing
segments, long missing segments cause a performance
drop. In these cases, a more traditional architecture where
predictions and losses are evaluated only on the final element
of a training segment may be preferred. In this study, we
work around this issue by restarting the series whenever a
gap occurs.

3.3 \Validating probabilistic models

In probabilistic machine learning models, the forecast quality
is usually assessed via a scoring rule (Gneiting and Raftery
[87]). The rule is proper if the forecaster maximizes the
expected score for an observation drawn from a distribution
F if they issue the probabilistic forecast F' rather than some
other arbitrary distribution G # F'. One well-known proper
scoring rule is the negative log-likelihood (NLL):

NLL(f,z) = —log(f(x)),

where f is the density function. The NLL is a consistent
standard throughout statistical literature; it is proper, but it
lacks robustness (Selten [88] and [87]).

Moreover, the density function cannot be computed
without intermediate calculations for quantile models, which
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makes the NLL inconvenient. In these cases, one can
minimize a particular surrogate loss function in hopes that the
performance metric is optimized [71]. However, the choice
for a surrogate function related to NLL is not immediately
apparent.

Instead, the continuous ranked probability score (CRPS)
(Matheson and Winkler [89] and Hersbach [90]):

oo

CRPS(F, ) = — / (F(y) — 1y > 2))* dy.

—00

where F' is the cumulative density function, is a particularly
popular alternative. The CRPS integrates the squared differ-
ences between the predicted CDF and the Heaviside function
(a step function that represents the observed outcome) over
the entire range of possible outcomes. This results in a
score that captures both the calibration and sharpness of
the probabilistic forecast, essentially quantifying the “dis-
tance” between the forecast distribution and the underlying
distribution of the observations. Calibration refers to how
often the true outcomes are within the range predicted by
the model. A well-calibrated model will have its predicted
probabilities match the true frequencies of outcomes over
many instances. On the other hand, sharpness gauges the
specificity of predictive distributions. A sharper distribution
produces tighter prediction intervals, indicating more precise
predictions as long as the model remains well-calibrated.

Note that CRPS is a negative function, thus, it is
typically used in negative orientation, i.e., CRPS*(F,z) =
—CRPS(F, x). Hence, the smaller CRPS* indicates better
probabilistic forecasts. The optimal solution to CRPS* is
the same as for NLL (Morris et al. [91]). This indicates that
a forecast that minimizes the CRPS* will also minimize
the NLL, thus underscoring the efficacy of CRPS* as a
scoring rule. Moreover, we argue that the CRPS*, unlike
NLL, has a related surrogate loss function and then explain
how this loss function relates to the scoring rule. In the
following section, we discuss how the pinball loss function
approximates CRPS*.

3.3.1 Pinball/Tilted Loss Let I' be a finite set of target
percentiles, y; be the true value, and fp(x;) be the
predicted value for each data point ¢ = 1,...,n. We know
that minimizing the ¢;-norm loss function produces a
median estimator. The symmetry of the median implies
that minimizing the ¢;-norm loss function produces the
same number of positive and negative estimation errors,
(y; — fo(x;)). By weighing the magnitude of positive and
negative errors, Koenker and Bassett Jr [63] propose a loss
function for each quantile g, v € I, that serves as a metric
of the accuracy of a quantile forecast. This is known as the
pinball (or tilted or quantile) loss function,
Ly, §) = v w-9) ify >3

(=7 (@—y) ifg>y,
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which can also be written as

L(y,9) =(1 =v) - max{0, (§ —y)}
+7-max{0,—(§ —y)}.

The link between this loss function and quantile regression
occurs because it can be shown that

— inE[L (y,9)].
¢y = argmin (L7 (y, )]

That is, the empirical risk minimizer for L7(y,§) is
the v—quantile of the response distribution. Furthermore,
Grushka-Cockayne et al. [92] show that as T' (the set of
percentiles) grows,

¢y L'(y,F'(7)) —» CRPS*(F, ), M)
yel

with some positive scalar constant c. Hence, for a finite set
of quantiles, simply summing the separate loss functions is a
sensible approximation to CRPS. For each training step, we
add the losses of each quantile to compute the overall loss

gpinb(Yv X) = Z Z L’y(yiv f@(ml))

vel' i=1

A remaining technical issue is that the function £y, is not
smooth, since its gradient has discontinuities at the minimizer
of £pinp. Theoretically, this could result in higher variance in
weight updates as the model approaches a local minimum,
leading to slower training time and potentially worse
performance. Empirically, this issue does not seem significant
— the median loss Lgs = ¢1-norm is frequently used by
practitioners with little trouble. Modern deep learning
frameworks provide utilities for learning rate scheduling and
model averaging [93], which lessen the burden of a non-
smooth loss function. However, some authors [66, 94] choose
to use the smoothed version presented by Zheng [95]:

LY (y, fo) = v+ alog (1 + exp (—z/a)),

where o« >0 is a smoothing parameter. In preliminary
experiments, we found that these loss functions showed
no significant difference in performance. So, since non-
smooth stochastic gradient descent with averaging provides
reasonable theoretical and practical performance [96], we opt
for the simplicity of the pinball loss function, £yiyp.

4 Enforcing monotonicity in probabilistic
forecasting

All cumulative distribution functions are non-decreasing.
Yet, the probabilistic forecasting framework described above
occasionally produces CDFs with decreasing intervals. This
problem of quantile crossings is seen throughout quantile
forecasting literature, with numerous proposed solutions.
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The significance of this problem differs by application.
Quantile crossing occurrences become more frequent as
the number of quantiles increases, making it a challenge
when estimating the complete distribution from quantiles
(probabilistic forecasting). For applications that require a true
CDF (e.g., simulating the conditional distribution using the
inverse CDF method), we must meet this non-decreasing
requirement.

Solutions often involve placing constraints on the model
for problems with parameters selected according to some
mathematical program [97, 98]. Unfortunately, enforcing
strict constraints on a neural network is typically impractical.
Schnabel and Eilers [99] and Rodrigues and Pereira [66] have
shown that treating multi-quantile forecasting as a multi-
task problem where the neural network outputs each quantile
simultaneously will lessen this problem but not do away with
it.

We provide a simple modification that works for any
quantile regression neural network to enforce monotonicity.
Our solution somewhat resembles Gasthaus et al. [100],
although without the complexity of constructing a full spline

function.
Let f L be the final hidden layer of the neural network, and
consider a vector of the form

q0 ¢ (wh L +bf)
A 6 (whE 4 bl
A= | B2 | _ | o(wiff+by) :¢(WLfL+bL>.
Ancr] Lo (wE_ FE4bE )

with ¢ : R” — (R"’)”, ¥V n > 1 an activation function, and
wx and b the vectors of weights and the biases, respectively,
corresponding to the transition from the last hidden layer
to output :. It is important that ¢ be non-negative and
unbounded, so reasonable candidates are the ReLU function,

#(r) = max{z,0} = a7,
or the softplus function,

9(x) = log(1 + exp(a)).

We interpret gy to be the lowest quantile and A; to be
¢; — ¢;—1 for all i > 0. Since ¢(x) € [0, +00), it is naturally
enforced that ¢;_1 < ¢;. To reproduce the desired quantiles,
we apply the cumulative sum operator

4o do
qo + A4 q1
g=cumsum (A) = | FA1+ A2 _ | g

n—1
qo + 2?21 A Qn—1

The resulting predictions are non-decreasing and require no
additional parameters or constraints. We proceed as before,
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evaluating ¢ as a quantile forecast using one of the quantile
loss functions described above.

It is worth noting that enforcing monotonicity does
not necessarily improve the performance metric used to
compare the models because most metrics do not verify this
constraint. For example, quantile regression is formulated as
a quadratic program in the setting of Takeuchi et al. [97]. In
their experiments, the global optimum does not necessarily
have monotonicity. Moreover, their modification with
monotonicity constraints does not consistently outperform
the non-monotonic global optimum. This phenomenon of
quantile crossings occurs because each quantile is estimated
separately and is a limitation of the loss function.

The same basic intuition holds with deep learning models
as well. Suppose the model trained to minimize the tilted
loss function does not possess a monotonic output. In that
case, there is no particular reason to assume that enforcing
monotonicity will improve the performance metric. Since
we cannot rely on optimality arguments in a deep learning
environment, we test this logic empirically using our two
datasets.

Regardless of performance, a non-monotonic output that
does not have the inherent requirements of a CDF is not
sensible. With the inclusion of a monotonicity constraint, the
model is thus forced to produce valid distributions.

5 Data Description

We compare two data sets describing traffic density. The first
covers a section of Interstate 894, located in Milwaukee, W1,
and the second covers a section of Interstate I-55, located
in Chicago. The data is measured by loop-detector sensors
installed on interstate highways. A loop-detector sensor is
a simple presence sensor that measures when a vehicle is
present and generates an on/off signal. The data contains
the timestamp and either traffic density or traffic occupancy.
Occupancy is defined as the percent of space occupied in
a section of the road during a period, and density is the
number of vehicles occupying the section during a period.
Traffic density can be computed by dividing the occupancy
by a constant to accommodate the average vehicle length
and sensor sensitivity. This constant is called the average
field length, or the mean effective vehicle length [101, 102].
Hence, because traffic density is occupancy scaled by a
constant factor, the forecasting models can be used in this
case for either density or occupancy without the need for any
modification. For consistency, we will forecast occupancy for
both data sets in this paper.

Interstate I-55 in Chicago has 21 loop-detector sensors that
recorded data between 2008 and 2014. The data is displayed
in 5-minute intervals, but it contains long periods of missing
data and is used in [44]. Figure 4 provides evidence that traffic
density is heavy-tailed and right-skewed with a spike on small
values. The years 2008-2012 provide data for training, and
the remaining years are left as out-of-sample data for testing.
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Figure 4. Traffic Density in Chicago, IL

Interstate 894 in Milwaukee contains 18 loop-detector
sensors that recorded data in one-minute intervals for 14
months between January 2008 and February 2009. Figure
5 indicates that the density is right-skewed with a spike
between zero and two. The figure suggests that heavy
congestion is also observed, though more rarely than in
Chicago. The recordings are provided in a rounded format
because of sensor limitations. We split this dataset into
training and testing sets, where 2008 serves as the training
set and 2009 as the testing set.

The next section compares the performance of the adapted
deep-learning probabilistic model against two traditionally
used methods: ARIMA and Gradient Boosting Machine. We
set the models to forecast the distribution of traffic occupancy
for the next five and fifteen minutes. Still, it can be altered
for predictions further in the future with a potential loss in
performance. Naturally, we expect models predicting further
in the future to be less accurate. However, recent models have
had reasonable success in this task [62, 103].

6 Validation

This paper implements a quantile deep learning model, an
extension of the MQRNN proposed by Wen et al. [14]. This
extension customizes the output to enforce the monotonicity
characteristic of quantile forecasting, as discussed in Section
4. We call this extension MQRNN-monotonic, and we

Prepared using TRR.cls

0.10 -
0.08 -

& 0.06 1
a

0.04

0.02

0.00

20 30 40 50
Density

(a) Normalized Histogram of Pooled Traffic Density

70

60 -

1 2 3 45 6 7 8 9 1011 12 13 14 1516 17 18
Sensor Number

(b) Box-Plots of All Sensors

Figure 5. Traffic Density in Milwaukee, WI

implement the model using the GluonTS framework [104].
We customize the loss function in the library to ensure
CDF monotonicity and use the Bayesian hyperparameter
optimization framework Optuna (described in [105]) to tune
the neural network. The inputs for the models include
the most recent contiguous history of traffic density up to
the current period, as well as simple temporal information
serving as exogenous factors (month, day of the week, and
hour).

In order to verify the performance of the proposed models,
we implement and evaluate two commonly used models:
naive, Auto-Regressive Moving-Average with eXogenous
factors (ARMAX), Gradient-Boosted Machine (GBM). The
choice of ARMAX is grounded in the literature and in
its prevalent presence in the field of traffic forecasting.
Its inclusion provides insight into how traditional time
series models fare against contemporary machine learning
techniques. In contrast, GBMs are recognized for their
predictive accuracy and are widely used in various industries
for predictive models. To provide a comparison against
alternative deep learning methods, we include DeepAR [62]
as an additional benchmark model. DeepAR represents a
deep learning parametric approach. It outputs parameters of
a predefined probability distribution, unlike the MQRNN’s
non-parametric quantile regression.
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The naive model assumes that each sensor measurement
is independent and identically distributed (i.i.d.) according
to the empirical quantiles. The distribution is, therefore,
fixed across time. This is likely not a reasonable assumption
because traffic density is not stationary; therefore, it is
provided as a simple baseline performance. To generate
the naive distributions, we condition on seasonal factors,
separating our forecasts based on the hour of the day and
the day of the week. To maintain consistency with our other
predictive models, which rely on a fixed set of quantiles,
we use that same set for the naive distributions. We start
by calculating quantiles for each unique combination of
weekday and hour. Then, through linear interpolation, we
create the naive distributions conditioned on those specific
time periods. Finally, we evaluate the CRPS of these
distributions by comparing them to actual observations from
the test set.

ARIMA models produce point estimates, but quantiles
can be obtained assuming that the residuals are normally
distributed with constant variance. Vlahogianni and Karlaftis
[106] note that traffic occupancy data is often not a unit-root
process. This indicates that using a differencing coefficient
of d =1 may not improve stationarity conditions for the
time series. The authors suggest that fractional differencing
may be a more suitable approach for traffic occupancy
time series. We tested the data sets from Chicago and
Milwaukee for stationarity using the Augmented Dickey-
Fuller (ADF) test for daily occupancy. The p-values averaged
across sensors for the non-differenced data are 0.00001 and
0.019270, respectively, suggesting that the original data is
already stationary. As further validation, we verified that
d ~ 0 produced the most evidence across the set 0 < d < 1
for stationarity. Therefore, we consider the ARMA model
instead. We include seasonality effects (month, day of the
week, and hour) as exogenous regressors. Due to the lack
of differencing and the presence of exogenous variables,
this model is often referred to as ARMAX (ARMA with
eXogenous regressors). We train the regression model using
the training data described in Section 5. Then, we use the
coefficients to forecast occupancy in the test dataset. We train
each sensor separately in this case.

GBMs are ensemble machine learning algorithms that
optimize predictive accuracy. Starting with a simple model,
a GBM iteratively adds decision trees that correct prior
errors. Each tree is guided by the negative gradient of
a specified loss function. By combining the predictions
of multiple trees, the model’s accuracy improves. Over
several iterations, these weak learners merge to form a
powerful aggregated model. Unlike ARMAX models, GBMs
can directly produce quantile results, but each model
produces outputs corresponding to a single quantile. We see
empirically that shallow trees should be used to prevent
overfitting. In this paper, we implement GBMs using the
LightGBM framework [107]. For training, we include the
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last 20 minutes of density. Empirically, longer periods of
historical information do not seem to improve performance.
We also include the weekday, the hour of the day, and the
sensor number as categorical features. GBMs need to be
trained for each quantile separately.

DeepAR is a parametric autoregressive model. It uses an
RNN to learn temporal dependencies and outputs parameters
of a chosen probability distribution for each future time step.
For this implementation, we model traffic occupancy using
a Gamma distribution. Gamma distributions are suitable for
positive, continuous data and are flexible in handling skewed
data. The model predicts shape and rate parameters, from
which the full predictive distribution is constructed.

The deep learning model (MQRNN-monotonic) can
capture multiple quantiles for multiple sensors within a
single model, requiring a single training procedure. Hence,
deep learning approaches can produce a granular distribution
significantly faster than linear models or GBMs.

We validate the models by looking at the calibration
and sharpness of the resulting distributions [13]. The main
metric utilized for comparing the models is the approximated
CRPS* described in equation 1 because it assesses both
calibration and sharpness. A lower CRPS* indicates a better
model quality. In addition, we provide coverage probabilities
and a few examples of percentile intervals to illustrate
the calibration and sharpness of the models’ predictions,
respectively. The overall goal is to obtain a sharp model,
subject to calibration.

7 Resulis

We display the resulting CRPS* for each model in Table
1. These CRPS* balance the models’ calibration and
sharpness, and a lower value indicates a better model.
The ARMAX model outperformed the Naive baseline in
all scenarios but proved less effective than the machine
learning approaches, likely due to the limitations of assuming
normally distributed residuals for this type of data. Both the
proposed MQRNN-monotonic and the parametric DeepAR
model significantly outperformed the traditional benchmarks.
DeepAR demonstrates competitive performance, with its
score in the 5-minute Milwaukee forecast being the
best. However, the MQRNN-monotonic model consistently
achieves the lowest CRPS* across almost all scenarios and
demonstrates particular strength in the 15-minute forecasts.

To further verify that the models with the lowest
CRPS* produce calibrated results, we provide the coverage
probability

N
1
CP(¢a,q1-a,y) = N § 1(¢a < Yn < G1-a)s
n=1

which has an ideal value of 1 — 2« for intervals (gu, g1—a)-
For example, we expect that 95% of the data falls between the
values determined by the percentiles & = 0.025and 1 — o =
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Model 5-minute forecast 15-minute forecast
Chicago Milwaukee ‘ Chicago Milwaukee
Naive 0.0323 0.0370 0.0323 0.0370
ARMAX 0.0131 0.0190 0.0347 0.0315
GBM 0.0100 0.0153 0.0283 0.0194
DeepAR (Gamma) 0.0130 0.0146 0.0176 0.0195
MQRNN-monotonic 0.0097 0.0148 0.0105 0.0138

Table 1. CRPS* averages depicted here are pooled estimates in the test set from all the sensors

0.975 of the distribution. Because this metric can be assessed
at any arbitrary level o, we choose the levels basedon I': o =
{0.001, 0.005, 0.025,0.05,0.1,0.25,0.33,0.5}. This metric
helps visualize whether the models’ calibration is good, but
does not measure sharpness.

We note that coverage probabilities should not be used as a
performance metric but simply to verify whether the outputs
are reasonable. By definition, the naive model will provide
perfect coverage of the training set. For the naive model,
any performance discrepancy stems from the discrepancy
between train and test performance. Since the data sets
are not i.i.d., but time-dependent, the naive model will be
over-dispersed and only correct when controlled over time.
Controlling over time would ensure that seasonality factors
and autocorrelation effects are not present. The naive model
can be thought of as accurate but not precise. Proper scoring
methods, such as CPRS, penalize this behavior. Overly or
underly-dispersed conditional distributions are sub-optimal,
and a more flexible model may provide sharper forecasts
when conditioned on the process history. Hence, models
with better coverage probability may not necessarily indicate
better performance.

In contrast, it is possible that optimizing over the
distributions conditioned on time may come at the cost
of systemic under- or over-dispersal of the marginal
distribution (the distribution obtained with the naive
method). This is particularly evident in the Milwaukee
data set, where the source data has been rounded. In this
dataset, the deep learning models overfit to capture the
resulting discrete distributions, resulting in poor coverage
probabilities. This problem can be potentially remedied
through further hyperparameter optimization; however,
it presents a noteworthy practical gap in probabilistic
forecasting with deep learning models. In summary, as long
as the coverage probabilities yield sensible results, the CRPS
provides a more accurate picture of which models have the
highest performance.

Table 2 displays a subset of the coverage probabilities
for each implemented model. Because of sensor limitations,
Milwaukee data is recorded in discrete increments. This
discretization affects the deep learning models differently.
The MQRNN-monotonic model appears to overfit to
these discrete steps, resulting in extremely sharp (narrow)
prediction intervals that lead to undercoverage, particularly
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for the 80% interval. The DeepAR model, which assumes
a continuous Gamma distribution, struggles to align this
parametric form with the discrete, rounded nature of the
Milwaukee data. This mismatch likely contributes to its poor
calibration, especially the under-coverage seen in the 95%
prediction interval for the 15-minute forecast.

For the Chicago data, which contains continuous
measurements, DeepAR tends to produce overly-dispersed
distributions, with coverage probabilities often far exceeding
the target levels (e.g., 97.1% coverage for an 80% target
interval), suggesting its distributions are not sharp. MQRNN-
monotonic shows fewer calibration issues, and its superior
CRPS* scores indicate that its sharper predictions provide a
better overall balance of calibration and sharpness compared
to the other models.

7.1 Out-of-the-ordinary Events

The literature has notably struggled to forecast traffic
accurately when roadway behavior differs from expected.
When traffic faces external factors that are not seasonal,
either expected (e.g., sports matches, festival parades, or
roadworks) or unexpected (e.g., snowstorms or accidents),
traditional forecasting models decrease significantly in
accuracy. To measure the proposed model’s performance in
such situations, we also tested it against the benchmarks
when the experienced traffic occupancy was at least three
standard deviations from the median within the same day of
the week and the same hour of the day.

The results are shown in Table 3. As expected, we see
that the CRPS* values are overall greater than the ones
in Table 1. The ARMAX model’s performance dropped
significantly, exemplifying its common struggle to capture
sudden behavioral shifts. In contrast, the deep learning
models demonstrate superior performance, achieving a
consistently lower CRPS*.

For the Chicago data, MQRNN-monotonic is the top-
performing model. In the Milwaukee dataset, however,
the DeepAR model achieves a lower CRPS* during
these outlier events. This suggests that while the Gamma
distribution assumed by DeepAR may be a suboptimal
fit for the rounded Milwaukee data overall, its parametric
shape may be more robust for capturing the specific
tail behavior of these non-recurrent events. Nevertheless,
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Model Chicago (%) Milwaukee (%) ‘ Chicago (%) Milwaukee (%)
5-minute forecast 15-minute forecast
Target 80.0/95.0 80.0/95.0 ‘ 80.0/95.0 80.0/95.0
Naive 79.6/94.3 83.1/92.4 79.6/94.3 83.1/92.4
ARMAX 92.2/96.1 81.6/90.6 88.6/94.4 81.8/90.7
GBM 79.6/94.7 78.9/95.5 77.7/93.4 77.5/94.7
Deep AR (Gamma) 97.3/98.3 89.7/92.9 97.1/98.3 90.6/92.9
MQRNN-monotonic 79.7/89.1 67.3/98.0 73.4/85.2 73.2/98.0

Table 2. 80% / 95% coverage probabilities averages depicted here are pooled estimates from all the sensors

considering its strong performance across both datasets and
its superior accuracy in typical conditions, the MQRNN-
monotonic model demonstrates the most consistent and
reliable performance overall.

To visualize these performance differences, Figure 6
illustrates the predictive distributions of different models
during the two non-recurrent events introduced in Section
1. The shaded areas represent the 80% and 95% prediction
intervals.

During the Chicago Bears game, the MQRNN-monotonic
model (Figure 6a) produces a sharp 95% prediction interval
that accurately contains the observed traffic surge. In contrast,
the GBM model (Figure 6b) generates much wider intervals,
indicating greater uncertainty during this unexpected event.
A similar pattern emerges for the Milwaukee snow day.
The MQRNN-monotonic model (Figure 6¢) remains sharp
and well-calibrated, while the ARMAX model (Figure 6d)
produces overly wide prediction intervals that reflect its
struggle to adapt. These examples provide visual evidence
that the proposed model achieves superior sharpness without
sacrificing calibration, allowing it to precisely capture traffic
dynamics even during significant, non-recurrent disruptions.

8 Decision-Making Example

Building on the predictive accuracy demonstrated in the
previous sections, we now explore a practical application
of the probabilistic prediction model. By contextualizing
the decision-making process within a real-world scenario,
we aim to demonstrate its utility in informing cost-benefit
analyses for traffic management strategies.

Let us assume a highway authority is responsible for a
stretch of highway prone to congestion issues represented
in Figure 6a. They need to decide when to ease congestion
by implementing variable speed limits, ramp metering, or
using the hard shoulder as a regular lane in response to
the Bears’ game. Implementing the suite of congestion
mitigation measures costs the highway authority $2,000.
They estimate that moderate congestion (110 to 150 cars/0.5
mile) results in a cost of $2,000 (due to delays, fuel, etc.).
Severe congestion (above 150 cars/0.5 mile) costs $10,000
(higher delays, increased chance of accidents).
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Model 5-minute forecast 15-minute forecast
Chicago Milwaukee ‘ Chicago Milwaukee
Naive 0.0540 0.0451 0.0540 0.0451
ARMAX 0.0407 0.0845 0.0951 0.0850
GBM 0.0333 0.0274 0.0355 0.0338
Deep AR (Gamma) 0.0149 0.0155 0.0199 0.0200
MQRNN-monotonic 0.0103 0.0227 0.0099 0.0221

Table 3. Outlier (> 3 standard deviations from the median) CRPS* test averages. They are pooled estimates from all the sensors.

Suppose we are in the scenario displayed in Figure 6a
and the deep-learning model predicts quantiles for traffic
density (cars/0.5-mile stretch) at 18:00 pm ahead of the game.
Because the model outputs occupancy, we must transform
the predictions to traffic density. We multiply the predicted
occupancy by the sensor length segment (0.5 miles) and
divide by the average car length plus headway of 22 ft,
obtained through the procedure described in [108, 35]. The
predictions are in table 4.

Quantiles Cars/0.5-mi Quantiles Cars/0.5-mi
0.001 5 0.670 118
0.005 22 0.750 133
0.025 55 0.900 150
0.050 80 0.950 164
0.100 103 0.975 190
0.250 105 0.995 206
0.330 111 0.999 229
0.500 115 - -

Table 4. Quantile distribution of cars per 0.5 mile.

In this scenario, there is a 90% chance the traffic density
will fall between 83 and 177 cars/0.5 mile in the next
15 minutes. There is a 33% chance of very light traffic
(fewer than 111 cars/0.5 mile) and a 10% chance of severe
congestion (more than 149 cars/0.5 mile).

In considering the deployment of congestion mitigation
measures, the authority must weigh the model’s predictive
uncertainty against potential societal costs. For instance,
a false alarm—predicting high congestion that does not
materialize—could lead to unnecessary expenditure and
public inconvenience. Conversely, inaction in the face of a
true high congestion prediction could result in significant
economic losses and safety risks. The highway authority
can then weigh its decisions by comparing the approximated
expected cost of doing nothing versus the cost of the
congestion reduction actions.

E[cost] = 2000 - P(110 < X < 150) + 10000 - P(X > 150)
= 2000 - (0.9 — 0.33) + 10000 - (1 — 0.9) = 2, 140.

As the expected cost ($2,140) of congestion is higher than
the cost of implementing the congestion mitigation actions

($2,000), the highway authority decides to implement them
in the next 15 minutes.
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This decision-making example underscores the practical
value of integrating advanced predictive models into traffic
management systems. By translating probabilistic predictions
into actionable insights, authorities can make more informed
decisions that strike a balance between efficiency, cost, and
public welfare.

8.1 The Problem of Quantile Crossings

We would like to provide some clarity on why enforcing
the monotonicity of the distribution and preventing quantile
crossing is necessary to ensure valid distributions and lead to
the correct decisions. Suppose the quantile predictions from
table 4 remain the same except for this crossing:

P(X <110) = 0.5 and P(X < 115) = 0.33.

This crossing indicates an inconsistency. There cannot
be a lower chance of seeing 110 cars or fewer compared
to 115 cars or fewer. The probability of seeing fewer
than 110 cars must always be less than the probability
of seeing fewer than 115. Moreover, this error highlights
how misinterpreting quantile crossings can lead to incorrect
predictions and potentially miscalculated congestion costs.
Note, for example, the newly calculated expected cost:

E[cost] = 2000 - P(110 < X < 150) + 10000 - P(X > 150)
= 2000 - (0.9 — 0.5) + 10000 - (1 — 0.9) = 1800.

In this case, the expected cost of congestion is $1,800,
lower than the cost of implementing the mitigation actions.
Therefore, the highway authority would wrongly decide not
to intervene.

9 Conclusion

This study implements and compares several methods
for estimating the transient distribution of traffic density
using two distinct data sets. It implements an adapted
sequence-to-sequence encoder-decoder deep learning model
that enforces monotonicity constraints for quantile forecasts.
Hence, the proposed MQRNN-monotonic model avoids the
quantile-crossing issue and produces cumulative distributions
guaranteed to be monotonically non-decreasing.

We observe that a deep learning model can considerably
outperform traditional models when predicting traffic density
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distributions directly. Specifically, our proposed MQRNN-
monotonic model showed a superior balance of calibration
and sharpness, surpassing not only traditional models but also
DeepAR, our benchmark parametric deep learning forecaster.

We show that the deep learning models’ structure
successfully forecasts the distribution of traffic congestion
and can capture non-recurrent events efficiently. Notably,
the resulting distributions remain well-calibrated while being
much sharper, thus producing tighter percentile intervals
for out-of-the-ordinary predictions than the benchmarks.
Furthermore, unlike many current models, we verify that
solid performance can be achieved with minimal data
preprocessing, even on datasets with distinct data problems.

The MQRNN-monotonic model is semi-parametric, and
its forecasts do not have immediately explainable features.
In the future, we suggest further investigating which features
play the most critical roles in determining the forecast.
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